Suppose that p is an odd prime and d is a positive integer. Let x and y be integers given by p = x 2 + dy 2 or 4p = x 2 + dy 2 . In this paper we determine x (mod p) for many values of d. For example, 2x ≡
x ≡ − 
Introduction
Let {P n (x)} be the Legendre polynomials given by P 0 (x) = 1, P 1 (x) = x, (n + 1)P n+1 (x) = (2n + 1)xP n (x) − nP n−1 (x) (n ≥ 1).
It is well known that (see [4, (3.132 )-(3.133)]) (1.1)
where [a] is the greatest integer not exceeding a. From (1.1) we see that (1.2) P n (−x) = (−1) n P n (x), P 2m+1 (0) = 0 and P 2m (0) = (−1) m 2 2m 2m m .
We also have the following formula due to Murphy ( [4, (3. . Let Z be the set of integers. For a prime p let Z p be the set of rational numbers whose denominator is coprime to p. For positive integers a, b and n, if n = ax 2 + by 2 for some x, y ∈ Z, we briefly say that n = ax 2 + by 2 . Let p be a prime of the form 4k + 1 and so p = x 2 + y 2 with x ≡ 1 (mod 4). In 1825, Gauss found the congruence
(mod p).
Similar congruences for x (mod p) with p = x 2 + dy 2 (d ∈ {2, 3, 5, 7, 11}) were found by Jacobi, Eisenstein and Cauchy, see [3] . For d = 3, 7, 11, 19, 43, 67, 163 we know that for any prime p with (
−d
p ) = 1, there are unique positive integers x and y such that 4p = x 2 + dy 2 , where ( a p ) is the Legendre symbol. In [5, [7] [8] [9] [10] [11] , the x was given by an appropriate character sum. For example, Let p be an odd prime and let m > 1 be a positive integer such that p m. In the paper we show that (1.4)
and give general congruences for P 2 a p ( √ t) (mod p), where a p denotes the least nonnegative residue of a modulo p. Building on the work in [13, 14] , using (1.4) and considering the sums 
Congruences for
It is known that (see [1, p.315 
Lemma 2.1. Let n be a nonnegative integer. Then
Proof. Since [4, (3. 137)] we have
From (2.2) and (2.3) we see that
This proves the lemma. Theorem 2.1. Let p be an odd prime and let m be a positive integer such that m > 1 and p m. Then
Proof. Suppose p = 2mk + r with k ∈ Z and r ∈ {0, 1, . . . , 2m − 1}. Then 2 r, r = m, [ 
], using Lemma 2.1 and the above we get
If 2 [
p m ], using Lemma 2.1 and the above we get
By Lemma 2.1, we also have
This completes the proof. Lemma 2.2. Let p be an odd prime and m ∈ {1, 2, . . . , 
Proof. If a i , b i ∈ {0, 1, . . . , p − 1}, the famous Lucas' theorem asserts that
Thus, for 0 ≤ r ≤ m < p we have
Hence, using (1.3) we see that
Thus the lemma is proved. 
Proof. For β ∈ Z p we have
Thus, by (2.2) and the fact that
Using (2.3) and (2.2) we see that
To complete the proof, using Lemmas 2.2 and 2.3 we note that
Theorem 2.3. Let p be an odd prime and a, t ∈ Z p with t ≡ 0, 1 (mod p). Then
Proof. It is clear that
Using (2.1) we see that for x = 1,
x−1 and
. Now substituting x with t+1 t−1 in the above congruence we obtain
.
Thus, using Lemma 2.2 and the above we see that
To complete the proof, using (2.3) we note that
Congruences for p−1 k=0
Proof. By Theorem 2.3 and Lemma 2.2,
From [14, Theorem 3.2] we know that
combining all the above we deduce the result.
and
Proof. By Lemma 2.2 and Theorem 2.3,
From [13, Theorem 2.2] we know that
When p ≡ 1 (mod 4), we have (−8)
Now combining all the above we deduce the result. Conjecture 3.2. Let p be a prime of the form 4k + 1 and so p = x 2 + y 2 with
Theorem 3.3. Let p > 3 be a prime. Then
From [13, Theorem 2.3] we know that
Hence the result is true for p ≡ 2 (mod 3). Now assume p = A 2 + 3B 2 ≡ 1 (mod 3) and A ≡ 1 (mod 3). 
(mod p) and 4 
Now combining all the above we deduce the result. Conjecture 3.3. Let p ≡ 1 (mod 3) be a prime and so p = A 2 + 3B 2 . Then
Theorem 3.4. Let p = 2, 3, 7 be a prime. Then 
Combining all the above we deduce the result.
Conjecture 3.4. Let p > 2 be a prime such that p ≡ 1, 2, 4 (mod 7) and so
Conjecture 3.5. Let p be an odd prime. Then 
Conjecture 3.7. Let p > 3 be a prime. Then
Conjecture 3.9. Let p > 2 be a prime. Then
Conjecture 3.10. Let p > 7 be a prime. Then
Conjecture 3.11. Let p > 3 be a prime. Then
Conjecture 3.12. Let p > 5 be a prime. Then Proof. Taking m = 3 and t = 5 in Theorem 2.1 we get
Congruences for
From [14, Theorem 4.6] we know that 
(mod p)
if p ≡ 7, 11, 13, 29 (mod 30) and so
Theorem 4.2. Let p be a prime such that p ≡ 1, 7 (mod 8). Then
Proof. Taking m = 3 and t = 1 2 in Theorem 2.1 we see that
From [14, Theorem 4.5] we have
Observe that 2
(mod p) for p ≡ 1, 7 (mod 24). From the above we deduce the result.
Conjecture 4.2. Let p > 3 be a prime. Then
and so
Theorem 4.3. Let p be an odd prime such that (
Proof. Taking m = 3 and t = 17 16 in Theorem 2.1 we see that
On the other hand, by [14, Theorem 4.8] ,
Thus the theorem is proved. Conjecture 4.3. Let p be a prime with p = 2, 3, 17. Then
Using the theorems in [14, Section 4] and Theorem 2.1 one can similarly deduce the following results.
Theorem 4.4. Let p be an odd prime such that (
Conjecture 4.4. Let p be a prime with p = 2, 3, 41. Then
Theorem 4.5. Let p be an odd prime such that (
Conjecture 4.5. Let p be a prime with p = 2, 3, 5, 89. Then
Theorem 4.6. Let p be a prime such that p ≡ 1, 4 (mod 5). Then 
We remark that ( 
Theorem 4.8. Let p > 3 be a prime. Then
Proof. From [14, Theorem 3.2] we know that
Thus taking m = 3 and t = 25 16 in Theorem 2.1 and then applying the above we deduce the result.
Conjecture 4.8. Let p ≡ 1 (mod 3) be a prime and so 4p = L 2 + 27M 2 with
Theorem 4.9. Let p be an odd prime. Then 
, 17 (mod 24).
Congruences for
Theorem 5.1. Let p be an odd prime and t ∈ Z p with t ≡ 0 (mod p). Then
Proof. Taking a = − 
Conjecture 5.1. Let p be a prime such that p ≡ 5, 11 (mod 24) and so p = 2x 2 + 3y 2 (x, y ∈ Z). Then
Lemma 5.1 ([13, Theorem 2.1]). Let p be an odd prime. Then
Theorem 5.3. Let p ≡ 1, 9 (mod 20) be a prime and so p = x 2 + 5y 2 with x, y ∈ Z. Then Proof. From [6] and Deuring's theorem we deduce that (see [13] Proof. From [6] and Deuring's theorem we deduce that (see [13, p.1975 Proof. From [6] and Deuring's theorem we deduce that (see [13] ) 
